Interaction Correction of Conductivity Near a Ferromagnetic Quantum
  Critical Point by Paul, I.
ar
X
iv
:0
70
9.
11
40
v2
  [
co
nd
-m
at.
str
-el
]  
5 N
ov
 20
08
Interaction Correction of Conductivity Near a Ferromagnetic Quantum Critical Point
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We calculate the temperature dependence of conductivity due to interaction correction for a
disordered itinerant electron system close to a ferromagnetic quantum critical point which occurs
due to a spin density wave instability. In the quantum critical regime, the crossover between diffusive
and ballistic transport occurs at a temperature T ∗ = 1/[τγ(EF τ )
2], where γ is the parameter
associated with the Landau damping of the spin fluctuations, τ is the impurity scattering time, and
EF is the Fermi energy. For a generic choice of parameters, T
∗ is few orders of magnitude smaller
than the usual crossover scale 1/τ . In the ballistic quantum critical regime, the conductivity has
a T (d−1)/3 temperature dependence, where d is the dimensionality of the system. In the diffusive
quantum critical regime we get T 1/4 dependence in three dimensions, and ln2 T dependence in two
dimensions. Away from the quantum critical regime we recover the standard results for a good
metal.
PACS numbers: 75.45.+j, 72.15.Rn
I. INTRODUCTION
The effect of disorder and interaction on the temper-
ature dependence of conductivity of metals has been a
topic of theoretical and experimental investigations for
over two decades.1,2,3 However, most of these studies are
on systems which are “good metals” that behave as Fermi
liquids (FLs), for which the electron-electron interaction
is short-ranged. More recently, the observation of anoma-
lous transport properties of metals which are near puta-
tive quantum critical points (QCPs)4 has inspired theo-
rists to examine the interplay of disorder and interaction
on transport properties of metals near quantum critical-
ity.5,6,7,8,9
In contrast with good metals, the electron-electron in-
teraction near a QCP can be long-ranged, which raises
the possibility that in the latter case the combined ef-
fect of disorder and interaction strongly influences the
temperature dependence of conductivity. From this per-
spective the study of charge transport near a ferromag-
netic QCP is particularly interesting.5 Close to a ferro-
magnetic QCP of the spin density wave variety, the spin
fluctuations are gapless (i.e., long ranged), but they do
not break any lattice symmetry. As a result, the con-
tribution to resistivity due to the inelastic scattering of
the carriers with the spin fluctuations in a clean system
(where effects of impurity can be neglected) is zero, un-
less Umklapp processes are taken into account in order to
relax momentum. On the other hand, in a dirty system
the “interaction” correction to the residual resistivity is
expected to become important, especially at low enough
temperature when the lattice mediated inelastic scatter-
ing with spin fluctuations is frozen out. The interaction
correction is the result of quantum interference between
semiclassical electron paths where, along one path elec-
trons are scattered elastically by impurities and along
the second path they are scattered by the self-consistent
potential of Friedel oscillations.3 The study of the tem-
perature dependence of conductivity due to this subtle
quantum interference process for a system close to a fer-
romagnetic QCP is the topic of this paper.
From the point of view of experiments, the existence
of a ferromagnetic QCP is currently a topic of investi-
gation. In most three dimensional compounds, such as
UGe2
10 and ZrZn2,
11 the ferromagnetic transition from
the paramagnetic state becomes first order as the Curie
temperature is lowered by the application of pressure. In
two dimensions the most promising candidate for exhibit-
ing ferromagnetic type of quantum critical behaviour is
the bi-layer material Sr3Ru2O7 which undergoes metam-
agnetic transition in the presence of an external magnetic
field.12 Until recently, it was believed that the metamag-
netic transition in this material could be tuned to a quan-
tum critical end point for which a spin fluctuation type
of theory was considered appropriate.13 However, recent
experiments on cleaner samples reveal that the approach
to the quantum critical end point is pre-empted by a new
phase transition, whose origin is itself a subject of investi-
gation currently.14 On the other hand, the fact that this
new phase transition in Sr3Ru2O7 is pushed to higher
temperature for samples which are cleaner, provides em-
pirical evidence that it may be possible to stabilize a
continuous ferromagnetic transition at low temperature
by the deliberate introduction of disorder. This point
of view is further supported by a recent study of ZrZn2
with Nb doping (which presumably introduces more dis-
order compared to a pressure tuning), where a lowering
of Curie temperature has been reported keeping the tran-
sition continuous down to the lowest measured transition
temperature.15
On the theoretical side, the effect of quantum interfer-
ence on the temperature dependence of conductivity of
a disordered metallic system is well understood for the
case when the system is away from any QCP and when
the electron-electron interaction is short-ranged.1,16 The
effect is more dramatic in lower dimensions, where the
temperature (T ) dependent correction to the residual re-
sistivity exhibit singular behaviour. In particular, in two
2dimensions the correction is logarithmic in T in the diffu-
sive regime when Tτ ≪ 1,1 and linear in T in the ballistic
regime Tτ ≫ 1,3 where τ is the elastic scattering lifetime
of the electrons. In contrast, in three dimensions the tem-
perature dependence is
√
T in the diffusive regime,1 and
T 2 log(T ) in the ballistic regime where it is difficult to
distinguish it from T 2 terms that arise due to ordinary
FL corrections. Quantum correction to conductivity has
also been studied for models of gauge fields interacting
with charged fermions.17,18,19 Close to a QCP the inter-
action between the electrons is long-ranged (the same
happens when the interaction between fermions is medi-
ated by a gapless gauge boson) which makes it difficult
to formulate a controlled theory. Consequently, there are
relatively fewer studies of transport properties of met-
als near quantum criticality.5,6,7,8,9 For a metamagnetic
QCP in two dimensions it was shown earlier that the con-
ductivity in the diffusive regime has ln2 T dependence,5,6
in contrast with the usual lnT dependence of a good
metal.
A controlled study of the interaction correction to con-
ductivity for a two dimensional electron system close to
a ferromagnetic QCP was performed in Ref. 5. In this
work two new effects were identified which arise when the
system is close to the QCP. First, the crossover between
diffusive and ballistic regimes of transport near the QCP
occurs at a temperature T ∗ = 1/[τγ(EF τ)
2], where γ is
the parameter associated with the Landau damping of
the spin fluctuations, and EF is the Fermi energy. For a
generic choice of parameters, T ∗ is much smaller than the
crossover scale 1/τ which is expected in the case of a good
metal. Second, in the ballistic quantum critical regime
the temperature dependence of conductivity (σ) has a
new exponent, namely δσ(T ) ≡ σ(T )− σ(0) ∝ −T 1/3.
In the current paper we extend the work of Ref. 5 to
study the interaction corrections for a three dimensional
electron system near a ferromagnetic QCP, and we also
provide some technical details which are absent in Ref. 5.
For the three dimensional case our main results are :
(i) in the quantum critical regime the crossover between
ballistic and diffusive transport occurs at a temperature
T ∗ ≪ 1/τ (same as in two dimensions), (ii) in the dif-
fusive quantum critical regime δσ ∝ −T 1/4, and (iii) in
the ballistic quantum critical regime δσ ∝ −T 2/3. Mov-
ing away from the quantum critical regime we recover
the usual results for a FL. We note that in both two and
three dimensions, and in all the crossover regimes con-
sidered here, we find that the temperature dependence of
conductivity due to interaction correction has a metallic
sign (i.e., dσ/dT < 0).
The organization of the rest of the paper is as follows.
In section II we describe the model, and we explain the
various technical steps that are involved in the calcula-
tion of the conductivity. Some details of the calculations
are given in appendix A. In section III we obtain the
leading temperature dependence of conductivity in the
various crossover regimes for dimension d = 2. This
section is an extended version of Ref. 5. In section IV
we calculate the leading temperature dependence of con-
ductivity in the various crossover regimes for dimension
d = 3. In section V we conclude with a summary of our
results.
II. MODEL AND FORMALISM
In the conventional method for studying quantum
criticality in itinerant electron systems the conduction
electrons are formally integrated out, and a Landau-
Ginzburg action in terms of the order parameter fields is
studied.20 Recently, the validity of integrating out low-
energy electrons has been questioned, and it has been ar-
gued that such a procedure generates singularities to all
orders in the collective spin interactions.21,22,23 In the fol-
lowing we start with the phenomenological spin-fermion
model introduced in Ref. 22, which describes the low-
energy properties of electrons close to a ferromagnetic
instability of the spin density wave type in dimensions
d (= 2, 3), and add scattering of electrons due to static
impurities. This is described by the action
S = T
∑
ωn
∫
ddrψ†α(r, ωn)
[
iωn +
∇2
2m
+ µ
]
ψα(r, ωn)
+ (E0T )
∑
Ωnq
U−1(q,Ωn)S(q,Ωn) · S(−q,−Ωn)
+
(
αE0
ν0
)1/2∫
ddr
∫ β
0
dτψ†α(r, τ)ψβ(r, τ) [S(r, τ) · σαβ ]
+
∫
ddr
∫ β
0
dτψ†α(r, τ)V (r)ψα(r, τ), (1)
where summation over repeated indices is implied. (ψ†α,
ψα) are Grassman fields describing low-energy electrons
with spin α and mass m, S(q,Ωn) is a bosonic field de-
scribing collective spin fluctuations in the system, E0 is
an associated energy scale, σ are Pauli matrices, ν0 is
the density of states of non-interacting electrons with
spin at the Fermi level, µ is the chemical potential and
β is inverse temperature. ν0 = m/π for d = 2, and
ν0 = (pFm)/π
2 for d = 3, where pF is the Fermi momen-
tum. The fields S(q,Ωn) are obtained by formally inte-
grating out electrons above a certain energy cut-off, for
example, below which the dispersion of the electrons can
be linearized. The disorder potential V (r) is assumed to
obey Gaussian distribution with 〈V (r1)V (r2)〉 = δ(r1 −
r2)/(2πν0τ). The dimensionless coupling constant de-
scribing interaction between the electrons and the spin
fluctuations is taken to be α < 1.
In the current model the dynamics of the spin fluctua-
tions is overdamped because their spectrum falls within
the continuum of the particle-hole excitations of the elec-
trons (Landau damping). This overdamping of the spin
fluctuations, which is a consequence of the spin-fermion
coupling, can be thought of as the self-energy of the
spin fluctuations which we have introduced at the very
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FIG. 1: Diagrams for interaction corrections to conductivity
at lowest order in interaction.3 The solid lines denote electron
Green’s functions before disorder average. After disorder av-
erage the same diagrams, with the solid lines now denoting
disorder averaged electron Green’s functions, are important
in the ballistic regime. The wavy lines denote the propagator
for the spin fluctuation.
beginning in the phenomenological model described by
Eq. (1).22,24 In this sense, the current approach is analo-
gous to a renormalized perturbation theory. In the bal-
listic regime the spin fluctuation is described by
U(q, iΩn) ≈ Ub(q, iΩn) =
[
δ +
(
q
pF
)2
+
γ |Ωn|
vF q
]−1
, (2)
where vF = pF /m. Here δ is the mass of the spin fluctua-
tions which is related to the magnetic correlation length ξ
by δ = (pF ξ)
−2, such that at the QCP δ = 0. The dimen-
sionless parameter γ is associated with the rate of Landau
damping which, in principle, is related to the coupling α.
For example, γ should vanish when α is zero, while within
random phase approximation one gets γ = α.24 However,
the precise relation between the two parameters depends
on microscopic details. In the following we consider γ
as an independent phenomenological parameter, and we
find that with the assumption
γ ≫ α (3)
it is possible to perform controlled calculation in the en-
tire T -δ plane. It is important to note that the form of
the Landau damping in the above Eq. is valid only in
the quasi-static limit where vF q ≫ Ω. In this limit the
form is robust and is a universal feature of the low-energy
electrons.25 In the opposite limit of Ω≫ vF q the damp-
ing term depends on microscopic details, and the spin-
fermion model as such loses universality. In our calcula-
tion we find either the validity of the quasi-static limit,
thereby justifying the universal form of the damping, or
that the dynamics of the spin fluctuations is unimportant
to leading order. In this sense the results that we derive
in the following two sections are universal. In the dif-
fusive regime the damping term is modified because the
particle-hole excitations generated by the dissociation of
the spin fluctuations have their own dynamics governed
by the diffusion pole. In this regime we have
U(q, iΩn) ≈ Ud(q, iΩn) =
[
δ +
(
q
pF
)2
+
γ |Ωn|
Dq2
]−1
, (4)
where D = v2F τ/d is the diffusion constant.
For a system of electrons with short-ranged interac-
tion, i.e., when the system is well away from any phase
instability, it has been pointed out that the small q-
expansion of the static spin susceptibility starts with a
non-analytic |q|d−1 term for dimension d ≤ 3.21,26 This
non-analyticity is due to a 2pF singularity in the particle-
hole polarization function. At zero temperature, when
the system is close to a ferromagnetic instability, and
in the absence of disorder, it has been shown that the
above non-analyticity changes into a |q|(d+1)/2 term with
a negative coefficient which favours either a first order
transition or a second order transition into a state with
a finite ordering wavevector.27 On the other hand, in the
presence of disorder the non-analyticity manifests as a
|q|d−2 term.28 In the current study we neglect these non-
analytic terms for the following reason. We first note
that, since the low-energy electrons are not integrated
out in the model given by Eq. (1), in principle the above
non-analytic terms are also present in the current model.
However, such terms are generated by higher order spin-
fermion coupling, and as such are sub-leading due to the
condition given by Eq. (3). As we discuss later in this
section, as well as in appendices B and C, due to Eq. (3)
the electron self-energy due to the spin-fermion coupling
is sub-leading compared to their elastic scattering rate.
For the same reason, we find that the contributions to the
conductivity at second order in α are sub-leading as well.
Consequently it is reasonable to conjecture that, above a
very low-temperature scale, the above non-analytic terms
can be ignored for the leading temperature dependence
of the conductivity. This is the justification for using the
analytic (q/pF )
2 terms in Eqs. (2) and (4).
Close to the QCP there are two important temperature
scales. (i) First, T ∗ which is defined as the crossover tem-
perature between ballistic (T ≫ T ∗) and diffusive (T ≪
T ∗) transport in the quantum critical regime. The qual-
itative difference between these two regimes can be un-
derstood as follows. Within the time scale of an electron-
electron interaction (mediated by the spin fluctuations),
if an electron undergoes typically a single impurity scat-
tering then it corresponds to the ballistic limit. On the
other hand, in the diffusive regime an electron undergoes
multiple impurity scattering within that time scale. Us-
ing uncertainty relation, we estimate the typical length
travelled by an electron during an electron-electron scat-
tering event to be 1/q, where q is the momentum trans-
ferred during interaction. This length scale becomes com-
parable to the mean free path vF τ at the crossover tem-
perature T ∗. Close to the QCP [δ ≪ (EF τ)−2, where EF
is the Fermi energy] the typical momentum transferred
during interaction is controlled by the pole in Eq. (2),
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FIG. 2: Diagrams with explicit impurity scattering (dashed
line) for interaction corrections to conductivity in the ballistic
regime.
and is given by qB1 ∼ pF (γΩ/EF )1/3. Scaling Ω ∼ T , we
get T ∗ ∼ 1/[τ(EF τ)2γ]. In the FL-regime far away from
the QCP (δ ≫ γ), q is determined by the typical mo-
mentum of a fermionic excitation which is qF ∼ Ω/vF ,
and the ballistic-diffusive crossover scale is 1/τ ≫ T ∗.
In the FL-regime near the QCP [(EF τ)
−2 ≪ δ ≪ γ],
q ∼ qB2 ∼ (γΩ)/(vF δ) is still governed by the pole in
Eq. (2), and the crossover scale is δ/(γτ). (ii) The sec-
ond important temperature scale is T1 = γ
1/2EF , above
which qF > qB1, and the effect of the QCP on conduc-
tivity is wiped out by thermal fluctuations.
We get two possible situations depending on the
strength of the disorder characterized by 1/(EF τ) rel-
ative to the Landau damping parameter γ. (a) For
γ1/2 > 1/(EF τ), the low temperature cutoff of the regime
where δσ ∝ −T (d−1)/3 is T ∗ and the high-T cutoff is T1.
For T < T ∗, we get δσ ∝ ln2(T ) in d=2 (note our re-
sult has a metallic sign which was missed in Ref. 6), and
δσ ∝ −T 1/4 in d = 3. (b) For 1/(EF τ) > γ1/2, one get
T1 < T
∗. In this situation the T (d−1)/3 regime is lost
and the effect of the QCP on conductivity is negligible.
We note, however, that the second situation is experi-
mentally highly improbable for a good metal for which
EF τ ∼ 100, while typically γ ∼ 1 (since it is the ratio of
the spin fluctuation velocity to the electron velocity). In
the rest of the paper we assume γ1/2 > 1/(EF τ) to be
valid.
In addition to scattering elastically with the impu-
rity potential, the electrons also scatter inelastically
due to coupling with the spin fluctuations. At high
enough energies the inelastic scattering rate, given by
the imaginary part of the electron self-energy [ImΣ(ω)],
becomes larger than the elastic scattering rate 1/τ , and
in that case the quantum interference effect is weak
due to loss of phase coherence. In d = 2 one gets27
ImΣ(2d)(ω − iη) ∝ (αE1/3F /γ1/3)ω2/3 from which, by
comparing with 1/τ , we obtain a temperature scale
T
(2d)
x = [γ1/2/(αEF τ)
3/2]EF . For α > 1/(EF τ), one
gets T
(2d)
x < T1, and in this case the high-T cutoff of the
regime with δσ ∝ −T 1/3 is determined by T (2d)x instead
of T1. In the opposite situation where α < 1/(EF τ),
we get T
(2d)
x > T1, in which case the inelastic scatter-
ing rate is significant only at high temperatures where
quantum correction is anyway weak. In d = 3 one gets
ImΣ(3d)(ω − iη) ∝ α|ω|, and a corresponding T (3d)x =
1/(ατ). In this case one can show (from γ1/2 > 1/(EF τ)
and α < 1) that T
(3d)
x > T1 always. For simplicity, in
the following calculations we ignore the inelastic scatter-
ing rate (i.e., electron self-energy and the associated scale
Tx) entirely.
Next we discuss the technical details of the calculation
of the interaction corrections to conductivity. Within
Kubo formalism the expression for conductivity is given
by
σij = lim
Ω→0
Im
[
Πij(iΩn)
iΩn
]
iΩn→Ω+iδ
,
where
Πij(iΩn) =
∫ β
0
dτ〈Tτ Jˆi(τ)Jˆj(0)〉eiΩnτ
is the current-current correlator. The current operator is
given by
Jˆi =
i
2m
∫
ddrψ†α(r)
[
(
−→
∂ r)i −←−∂ r)i
]
ψα(r),
where (i, j) refer to spatial directions. The first step
is to expand the current-current correlator to the lowest
order in the interaction coupling α. We note that the
vertex correction to the spin-fermion coupling, generated
in the next order in interaction, gives a sub-leading con-
tribution to the interaction correction of conductivity in
the ballistic regime near the quantum critical point (see
appendix B). For T ∗ < T < T1, we find that the vertex
correction is parametrically small by α/γ in d = 2, and by
α/γ1/3 in d = 3. For T > T1, the vertex contribution is
small by (α/γ1/2)(T1/T )
1/3 in d = 2, and by α ln(EF /T )
in d = 3. In the diffusive quantum critical regime the
situation is the same (see appendix C). We also note
that in a low-energy effective model such as ours, where
the electron dispersion can be linearized, the Aslamazov-
Larkin contributions cancel out exactly due to particle-
hole symmetry.29 The second step is to perform analytic
continuation in order to get the retarded current-current
correlator. In this step the electron Green’s functions
that enter the expression for the current-current corre-
lator get continued into appropriate combinations of re-
tarded and advanced Green’s functions. The expression
for the interaction correction to longitudinal conductivity
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FIG. 3: Diagrams for interaction corrections to conductivity
in the diffusive regime.1
is given by3
δσii = −Im
∫
ddr1 · · · ddr4
(
3α
ν0
)∫ ∞
−∞
dΩ
4π2
[
∂
∂Ω
(
Ωcoth
Ω
2T
)]
× UA34(Ω)
[
J1iG
A
13(ω)G
R
34(ω − Ω)GA42(ω)J2iGR21(ω)
+ J1iG
R
13(ω)G
R
34(ω − Ω)GR42(ω)J2iGA21(ω)
− J1iGA13(ω)GR34(ω − Ω)GA42(ω)J2iGA21(ω)
− J1iGA41(ω)GA13(ω)GR32(ω − Ω)GR24(ω − Ω)J2i
+ 2J1iG
R
41(ω)G
A
13(ω)G
R
32(ω − Ω)GR24(ω − Ω)J2i
]
, (5)
where GR,A(ω) is the Green’s function for non-
interacting electrons in the presence of a random
potential (i.e., before disorder average), and Ji =
(i/(2m))[
−→
∂ i − ←−∂ i]. The corresponding diagrams are
shown in Fig. (1). The third step is to perform the dis-
order average which restores translation invariance. The
disorder averaged electron Green’s function is given by
〈GR,A(k, ω)〉 =
(
ω − ǫk ± i
2τ
)−1
. (6)
Here ǫk is the linearized electron dispersion as measured
from the Fermi energy. The diagrams which contribute in
the ballistic regime are shown in Figs. (1, 2), while those
that are important in the diffusive regime are shown in
Fig. (3). In these diagrams the electron propagator is de-
noted by a solid line, the propagator for the spin fluctua-
tions by a wavy line, and an explicit impurity scattering
(in contrast with the implicit ones which give elastic scat-
tering lifetime to the electrons in Eq. (6)), which gives a
factor of 1/(2πν0τ), by a dashed line.
The interaction correction to conductivity in the triplet
channel can be written as3
δσT = −
(
6πe2v2F τα
d
)∫ ∞
−∞
dΩ
4π2
[
∂
∂Ω
(
Ωcoth
Ω
2T
)]
× Im
∫
ddq
(2π)d
UA(q,Ω)B(2d,3d)(q,Ω), (7)
where UA(q,Ω) is the advanced bosonic propagator given
by Eqs. (2) and (4), and B(2d,3d)(q,Ω) is the fermionic
part in the diagrams shown in Figs. (1, 2, 3) in dimensions
two and three respectively. In the ballistic regime vF q ≫
1/τ , and therefore diagrams with more than one explicit
impurity scattering are sub-leading. The limiting form
of B in this regime is given by the leading term in τ
from the sum of the diagrams given by Figs. (1, 2). The
details of this evaluation is given in Appendix A. This
approximation is equivalent to an expansion in (T ∗/T )1/3
near the QCP, and in 1/(Tτ) for δ ≫ γ (i.e., in the FL
regime). In this regime B ≈ Bb, and in two dimensions
we get
B
(2d)
b (q,Ω) =
2
(vF q)2
(
1− iΩ
S0
)2
+
2
S20
(
1− iΩ
S0
)
, (8)
where
S0 =
[
(vF q)
2 − Ω2 + iηSgn(Ω)]1/2 , (9)
while in three dimensions we get
B
(3d)
b =
2
(vF q)2
(
1− iΩ
S1
)2
+
2
S21
− 2
S20
, (10)
where
1
S1
=
1
2ivF q
ln
[
Ω + vF q − iη
Ω− vF q − iη
]
. (11)
In the diffusive regime vF q ≪ 1/τ , and multiple impurity
scattering needs to be taken into account.1 The leading
contribution is given by the diagrams in Fig. (3), whose
evaluation is discussed in Appendix A. In this limit the
kinematics of the electrons is governed by the diffusion
pole, and we get B ≈ Bd, where
B
(2d,3d)
d (q,Ω) =
4
d2
τ(vF q)
2
(iΩ+Dq2)3
, (12)
in dimensions d.
III. RESULTS IN TWO DIMENSIONS
From Eq. (7) the correction to conductivity in the
triplet channel is
δσT = −(3πe2v2F τα)
∫ ∞
−∞
dΩ
4π2
[
∂
∂Ω
(
Ωcoth
Ω
2T
)]
× Im
∫
d2q
(2π)2
UA(q,Ω)B(2d)(q,Ω),
where UA(q,Ω) is given by Eqs. (2) and (4) in the bal-
listic and diffusive regimes respectively, and B(2d) by
Eqs. (8) and (12) respectively.
A. Ballistic Regime
The ballistic regime is defined by T ≫ T ∗ for δ ≪
(EF τ)
−2, by T ≫ δ/(γτ) for (EF τ)−2 ≪ δ ≪ γ, and
6γ
δ
T
T ∗1
E2
F
τ3γ
1/τ
T1
T2
EFγ
1/2
I
δσT ∝ −T
1/3
II
δσT ∝ −T
III
δσT ∝ 1/T
IV
δσT ∝ ln
2 T
V
δσT ∝ − lnT
1
E2
F
τ2
Tδ1
Tδ2
FIG. 4: Various crossover regimes for the leading temperature
dependence of the triplet channel contribution to conductivity
in d = 2. Tδ1 = (δ
3/2/γ)EF , Tδ2 = (δ
2τ/γ)E2F , T2 = EF δ
1/2.
Notice that γ1/2 ≫ 1/(EF τ ).
by T ≫ 1/τ for δ ≫ γ. In this limit there are three
crossover regimes (regions I-III in Fig. (4)).
Regime I. In order to calculate the leading behaviour
in this regime one can set δ = 0 in Eq. (2), which gives
the momentum scale qB1 ∼ pF (γΩ/EF )1/3. This is the
typical momentum transferred by the spin fluctuations
to the electrons during elastic scattering at temperature
T ∼ Ω. The high-T cut-off of this regime is T1 = γ1/2EF ,
below which vF qB1 > Ω (in other words qB1 > qF ∼
Ω/vF , where qF is the typical momentum of the fermionic
excitations). As a result, the frequency dependence of
B(2d) ≈ B(2d)b in Eq. (8) can be ignored, giving B(2d)b ≈
4/(vF q)
2. With these approximations we get
Im
∫
d2q
(2π)2
UAb B
(2d)
b = −
(
2p
2/3
F
3v
4/3
F γ
2/3
)
1
|Ω|2/3
Sgn(Ω).
The last frequency integral is ultraviolet divergent for
which we introduce a cut-off at pF vF ∼ EF . We get,
δσT = − e
2τα
πγ2/3
C1(pF vF )2/3T 1/3, (13)
where
C1 ≡ −
∫ ∞
0
∂
∂t
(
2t
et − 1
)
1
t2/3
≈ 3.47.
In Eq. (13), and in subsequent evaluations, we ignore a
temperature independent contribution which renormal-
izes the residual conductivity. At finite δ the regime ends
when δ ∼ (qB1/pF )2, which gives the crossover temper-
ature scale Tδ1 = (δ
3/2/γ)EF . For T < Tδ1 the effect of
finite δ cannot be neglected.
The result in Eq. (13) can also be simply understood
from the following scaling argument. The correction
to the transport scattering rate can be estimated as
∆[1/τ ](2d) ∼ (1/τ)ImΣ(2d)(ω)∆t, where Σ(2d)(ω) ∝ ω2/3
is the self-energy of the electrons due to interaction with
the spin fluctuations, and ∆t is the average time scale of
the interaction. In this estimate ImΣ is the quasiparti-
cle scattering rate, which is renormalized by the factor
(∆t)/τ in order to obtain a transport rate. Using the
uncertainty principle we estimate ∆t ∼ 1/(vF q), where
q is the typical momentum transferred during scattering
between the electrons and the spin fluctuations. Near
the QCP, q ∼ ω1/3, and scaling ω ∼ T , we obtain the
T -dependence in Eq. (13).
Regime II. In this regime we identify two situations.
(i) First, for (EF τ)
−2 ≪ δ ≪ γ, the approximate
form of UAb is given by dropping the (q/pF )
2 term in
Eq. (2), giving UAb ≈ [δ + iγΩ/(vF q)]−1. The typi-
cal scale of momentum transferred during scattering is
given by qB2 ∼ (γΩ)/(vF δ). Since qB2 > qF in this sub-
regime, the Ω- dependence of B
(2d)
b can be ignored giving
B
(2d)
b ≈ 4/(vF q)2. We get
Im
∫
d2q
(2π)2
UAb B
(2d)
b = −
1
v2F δ
Sgn(Ω).
(ii) Second, for δ ≫ γ, the typical momentum scale is
given by qF ∼ Ω/vF . In this sub-regime the Landau
damping term in UAb is order γ ≪ δ, and so it can be
ignored giving UAb ≈ 1/δ (the situation is non quasi-static
since vF q ∼ Ω, however the Landau damping term, whose
universal form in Eq. (2) is correct only in the quasi-static
limit, becomes unimportant for leading behaviour). We
retain the full Ω-dependence of B
(2d)
b given by Eq. (8),
and we get
1
δ
Im
∫
d2q
(2π)2
B
(2d)
b (q,Ω) = −
1
v2F δ
Sgn(Ω),
i.e., the same result as in sub-regime (i). For both the
sub-regimes the triplet channel contribution to conduc-
tivity is
δσT = −
(
3e2τα
πδ
)
T, (14)
which is the result obtained in Ref. 3. The high-T cut-
off of sub-regime (ii) is given by T2 = δ
1/2EF , above
which the (q/pF )
2 term in UAb cannot be neglected since
(q/pF )
2 ∼ (Ω/EF )2 ≫ δ.
Regime III. This is the high temperature regime of the
theory where the typical momentum scale is qF ∼ Ω/vF .
For δ ≪ γ, the damping term in the spin fluctuation
propagator can be neglected since (q/pF )
2 ∼ (Ω/EF )2 ≫
γ. For δ ≫ γ, the mass of the spin fluctuations can be
neglected since (q/pF )
2 ≫ δ. Thus, in this regime we get
UAb ≈ (pF /q)2. Since
Im
∫
d2q
(2π)2
p2F
q2
B
(2d)
b (q,Ω) = 0,
7the leading order contribution to σT cancel out, and
δσT ∝ 1/T from sub-leading terms. In this regime the
temperature dependence of conductivity is dominated by
the contribution from the singlet channel δσ ≈ δσS ∝ T
(or by inelastic processes, if the electron system is on a
lattice).
B. Diffusive Regime
Regime IV. Setting δ = 0 we get UAd ≈ [(q/pF )2 +
iγΩ/(Dq2)]−1, which gives a possible momentum scale
qD1 ∼ pF (γΩ/E′)1/4 where E′ = Dp2F . From the
fermionic part B
(2d)
d given by Eq. (12), we get a second
momentum scale qD2 ∼ pF (Ω/E′)1/2. It can be shown
that in this regime qD1 > qD2, which implies that the Ω-
dependence of B
(2d)
d can be ignored for the leading result,
giving B
(2d)
d ≈ 2/(Dq2)2. With this approximation the
resulting momentum integral is infrared divergent, which
is cut-off by the ignored momentum scale qD2. Using
Im
∫ ∞
qD2
d2q
(2π)2
[
q2
p2F
+
iγΩ
Dq2
]−1
2
(Dq2)2
= − 1
4πγDΩ
ln
(
γDp2F
|Ω|
)
,
we get
δσT =
(
3e2α
8π2γ
)
ln2
(
γDp2F
T
)
. (15)
For finite δ this regimes exists for T > Tδ2 = (δ
2Dp2F )/γ.
Below Tδ2 the effect of finite δ cannot be neglected. This
regime has been discussed previously in the context of
d = 2 metamagnetic QCP,6 and also in the context of
fermionic gauge field models.17,18 Note that our result
gives a metallic sign to the T -dependence of conductivity.
Regime V. In this regime the (q/pF )
2 term in UAd
can be dropped, giving UAd ≈ [δ + iγΩ/(Dq2)]−1.
This provides a new bosonic momentum scale qD3 ∼
pF [γΩ/(E
′δ)]1/2. As in Regime II, two sub-regimes can
be identified. (i) For δ ≪ γ we get qD3 > qD2, which
implies that the Ω-dependence of B
(2d)
d can be dropped,
giving B
(2d)
d ≈ 2/(Dq2)2. Using qD2 as an infrared cut-
off to the resulting momentum integral we get to leading
order,
Im
∫ ∞
qD2
d2q
(2π)2
[
δ +
iγΩ
Dq2
]−1
2
(Dq2)2
= − 1
2πDγΩ
ln
(γ
δ
)
.
(ii) For δ ≫ γ we get qD2 > qD3. This implies that
UAd ≈ 1/δ, while the full Ω-dependence of B(2d)d has to
be retained. We get
1
δ
Im
∫
d2q
(2π)2
B
(2d)
d (q,Ω) = −
1
4πδDΩ
.
Combining the results of the two sub-regimes we get,
δσT =
3e2αC2
2π2γ
ln
(
EF
T
)
, (16)
where C2 = ln(γ/δ) for δ ≪ γ, and C2 = γ/(2δ) for
δ ≫ γ. This is the famous Altshuler-Aronov correction
to the conductivity for the triplet channel in the diffusive
regime of good metals.1
IV. RESULTS IN THREE DIMENSIONS
From Eq. (7) we get,
δσT = −(2πe2v2F τα)
∫ ∞
−∞
dΩ
4π2
[
∂
∂Ω
(
Ωcoth
Ω
2T
)]
× Im
∫
d3q
(2π)3
UA(q,Ω)B(3d)(q,Ω),
where B(3d)(q,Ω) is given by Eqs. (10) and (12) in
the ballistic and diffusive regimes respectively. As in
d = 2, there are five different crossover regimes (I—V
in Fig. (5)) for the leading temperature dependence of
the correction to conductivity. The scale of the typi-
cal momentum transferred by the spin fluctuations to
the conduction electrons during elastic scattering in each
of these regimes remain the same as in d = 2. Conse-
quently, the crossover lines delineating the five regimes
also remain the same as in d = 2.
A. Ballistic Regime
Regime I. Setting δ = 0 we get UAb ≈ [(q/pF )2 +
(iγΩ)/(vF q)]
−1, and the typical momentum scale is
qB1 ∼ pF (γΩ/EF )1/3, so that the Ω-dependence of B(3d)b
can be dropped giving B
(3d)
b ≈ π2/(2v2F q2). For the mo-
mentum integral we get
Im
∫
d3q
(2π)3
[
q2
p2F
+
iγΩ
vF q
]−1
π2
2v2F q
2
= −
(
π
12
√
3
)
p
4/3
F Sgn(Ω)
v
5/3
F γ
1/3 |Ω|1/3
.
The leading temperature dependence of the correction to
conductivity is given by
δσT = − C3
12
√
3
(
e2ταp
4/3
F v
1/3
F
γ1/3
)
T 2/3, (17)
where
C3 ≡ −
∫ ∞
0
dt
∂
∂t
(
2t
et − 1
)
1
t1/3
≈ 2.21.
As in the case of d = 2, the result in Eq. (17) can be
estimated from ∆[1/τ ](3d) ∼ (1/τ)ImΣ(3d)(ω)∆t. Since
8γ
δ
T
T ∗1
E2
F
τ3γ
1/τ
T1
T2
EFγ
1/2
I
δσT ∝ −T
2/3
II
δσT ∝ T
2 lnT
III
δσT ∝ − lnT
IV
δσT ∝ −T
1/4
V
δσT ∝ −T
1/2
1
E2
F
τ2
Tδ1
Tδ2
FIG. 5: Different crossover regimes for the temperature de-
pendence of the triplet channel contribution to conductivity
in d = 3. Tδ1 = (δ
3/2/γ)EF , Tδ2 = (δ
2τ/γ)E2F , T2 = EF δ
1/2.
Notice that γ1/2 ≫ 1/(EF τ ).
ImΣ(3d)(ω) ∝ ω, and ∆t ∼ 1/(vF q), with q ∼ ω1/3 and
ω ∼ T , we get the exponent 2/3 of the temperature de-
pendence in Eq. (17).
Regime II. As in d = 2, two situations can be identified
in this regime. (i) For (EF τ)
−2 ≪ δ ≪ γ, UAb ≈ [δ +
(iγΩ)/(vF q)]
−1, which gives the momentum scale qB2 ∼
(γΩ)/(vF δ). The Ω-dependence of B
(3d)
b can be dropped,
and from the momentum integral (which is ultraviolet
divergent, and is cut-off at pF ) we get
Im
∫
d3q
(2π)3
[
δ +
iγΩ
vF q
]−1
π2
2v2F q
2
= −
(
γΩ
4v3F δ
2
)
ln
(
δEF
γ |Ω|
)
.
(ii) For δ ≫ γ we have UAb ≈ 1/δ, and the typical momen-
tum scale is qF ∼ Ω/vF . Keeping the full Ω-dependence
of B
(3d)
b we get,
1
δ
Im
∫
d3q
(2π)3
B
(3d)
b = −
(
2Ω
πv3F δ
)
ln
(
EF
|Ω|
)
.
After the Ω-integral we get
δσT = −
(
2e2ταC4
3vF δ
)
T 2 ln
(C5EF
T
)
, (18)
where C4 = (πγ)/((8δ) and C5 = δ/γ for (EF τ)−2 ≪ δ ≪
γ, and C4 = C5 = 1 for δ ≫ γ.
Regime III. In the high-T regime of the theory UAb ≈
p2F /q
2, and the typical momentum scale is qF ∼ Ω/vF .
Keeping the full Ω-dependence of B
(3d)
b we get
Im
∫
d3q
(2π)3
p2F
q2
B
(3d)
b = −
( C6p2F
2πvF
)
1
Ω
,
where C6 ≡ (4/3) ln 2 − 1/3 ≈ 0.60. After the frequency
integral we get,
δσT =
(C6e2ταp2F vF
2π2
)
ln
(
EF
T
)
. (19)
B. Diffusive Regime
Regime IV. Setting δ = 0 we get UAd ≈ [(q/pF )2 +
iγΩ/(Dq2)]−1, which gives the typical momentum scale
qD1 ∼ pF (γΩ/E′)1/4, where E′ = Dp2F . Ignoring the Ω-
dependence of B
(3d)
d we have B
(3d)
d ≈ 4/[3(Dq2)2]. From
the momentum integral we get
Im
∫
d3q
(2π)3
[
q2
p2F
+
iγΩ
Dq2
]−1
4
3(Dq2)2
= − p
1/2
F Sgn(Ω)
12π sin(pi8 )D
5/4γ3/4 |Ω|3/4
.
The Ω-integral gives
δσT = −
(
C7e2αp1/2F
4π2 sin(pi8 )D
1/4γ3/4
)
T 1/4, (20)
where
C7 ≡ −
∫ ∞
0
dt
∂
∂t
(
2t
et − 1
)
1
t3/4
≈ 4.42.
We note that the result given by Eq. (20) is different
from the result δσT ∝ T 1/3 obtained in Refs. 7 and 8.
This is because in the latter the spin fluctuation prop-
agator is dressed by the non-analytic term proportional
to |q|d−2 = |q| (which is sub-leading in our model). It is
easy to see from a simple power counting argument that
the exponent 1/3 is obtained by replacing the analytic
(q/pF )
2 term by a |q| /pF term.
Regime V. (i) For δ ≪ γ we have UAd ≈ [δ +
iγΩ/(Dq2)]−1, B
(3d)
d ≈ 4/[3(Dq2)2], and qD3 ∼
pF [γΩ/(E
′δ)]1/2 is the typical momentum scale. The mo-
mentum integral gives
Im
∫
d3q
(2π)3
[
δ +
iγΩ
Dq2
]−1
4
3(Dq2)2
= − Sgn(Ω)
3
√
2πD3/2(γδ |Ω|)1/2 .
(ii) For δ ≫ γ, UA ≈ 1/δ, and the typical momentum
scale is qD2 ∼ pF (Ω/E′)1/2. Keeping the Ω-dependence
of B
(3d)
d we get
1
δ
Im
∫
d3q
(2π)3
B
(3d)
d = −
Sgn(Ω)
8
√
2πD3/2δ |Ω|1/2
.
After the frequency integral we get
δσT = −
( C8C9e2α√
2π2(γδD)1/2
)
T 1/2, (21)
where
C8 ≡ −
∫ ∞
0
dt
∂
∂t
(
2t
et − 1
)
1
t1/2
≈ 2.59,
and C9 = 1 for δ ≪ γ, and C9 = (3/8)(γ/δ)1/2 for δ ≫ γ.
9V. CONCLUSION
To conclude, we have calculated the temperature de-
pendence of the conductivity due to interaction correc-
tion for a disordered itinerant electron system close to a
ferromagnetic quantum critical point in dimensions two
and three. With an appropriate choice of parameters
γ ≫ α, where γ is the parameter associated with the
Landau damping of the spin fluctuations and α is the
dimensionless coupling between the conduction electrons
and the spin fluctuations, we are able to perform con-
trolled calculations over the entire T -δ plane, where δ
is the mass of the spin fluctuations. Near the quan-
tum critical point, the crossover between diffusive and
ballistic regimes of transport occurs at a temperature
T ∗ = 1/[τγ(EF τ)
2] which is few orders of magnitude
smaller than the crossover temperature 1/τ which is
expected in the case of a good metal (sufficiently far
away from any phase instability). The ballistic-diffusive
crossover is determined by the temperature at which the
typical length travelled by an electron during an electron-
electron scattering event becomes comparable with the
mean free path vF τ . Using uncertainty principle, this
length can be estimated as 1/q, where q is the mo-
mentum transferred by the spin fluctuation to the elec-
tron. In the quantum critical regime typical q scales as
pF (γΩ/EF )
1/3 which gives the crossover temperature T ∗
(after scaling Ω ∼ T ). Away from the quantum crit-
ical regime, typical q scales as Ω/vF , which gives the
usual crossover scale 1/τ for a good metal. In the bal-
listic regime near the quantum critical point (regime I
in Figs. (4) and (5)), we obtained δσT ∝ −T (d−1)/3,
which can be understood from the following scaling ar-
gument. In the ballistic limit the correction to the trans-
port scattering rate due to electron-electron interaction
can be estimated as ∆[1/τ ] ∼ (1/τ)ImΣ(ω)∆t, where ∆t
is the average time scale of the interaction. This can
be understood as the renormalization of the quasiparti-
cle scattering rate ImΣ by the factor (∆t)/τ in order to
obtain a transport rate. Using the uncertainty princi-
ple, we estimate ∆t ∼ 1/(vF q), where q ∼ ω1/3 in the
quantum critical regime. Now, since ImΣ(2d) ∝ ω2/3 and
ImΣ(3d) ∝ ω, we get the T (d−1)/3 temperature depen-
dence of the conductivity. In the diffusive regime near
the quantum critical point (regime IV in Figs. (4) and
(5)) we found δσT ∝ ln2 T in d = 2 and δσT ∝ −T 1/4
in d = 3. Moving out of the quantum critical regime we
recovered the usual results for Fermi liquids (regimes II
and V).
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APPENDIX A
In this appendix we give the details of the calculation
of the fermionic component B(2d,3d)(q,Ω) in Eq. (7) in
the ballistic and the diffusive limits.
1. Ballistic Regime
In this regime the leading contribution to the conduc-
tivity bubble is due to the diagrams shown in Figs. (1)
and (2) (with the solid lines representing disorder aver-
aged electron Green’s functions), i.e., those without any
explicit impurity scattering, and those with one explicit
impurity scattering respectively.
a. d = 2
We begin by calculating the diagrams in Fig. (1). Note
that diagrams (c), (d) and (e) have numerical pre-factors
-1, -1, and 2 respectively (see their corresponding expres-
sions in Eq. (5)). As an example we calculate the diagram
in Fig. (1(a)). This is given by
[B
(2d)
1 ]ij =
1
V
∑
k
GR(k, ω)GA(k, ω)GR(k − q, ω − Ω)
× GA(k, ω)(vk)i(vk)j , (A1)
where GR,A refer to disorder averaged electron Green’s
functions in Eq. (6), and V is the volume of the system.
The momentum sum in the above Eq. is dominated by
the contribution near the Fermi surface where the spec-
trum can be linearized, and (vk)i(vk)j = (v
2
F /d)δij (as-
suming an isotropic system). Replacing
1
V
∑
k
→ ν0
∫
dθ
2π
∫
ǫk,
where ν0 = m/π, the energy integral is given by
I1 =
∫ ∞
−∞
dǫk
1
(ω − ǫk + i2τ )
1
(ω − ǫk − i2τ )2
× 1
(ω − Ω− ǫk + vF q cos θ + i2τ )
,
which can be solved by contour integration. The diagonal
component of the tensor [B
(2d)
1 ]ii ≡ B(2d)1 is given by
B
(2d)
1 =
2πτν0v
2
F
d
∫ 2pi
0
dθ
2π
×
[
τ
(Ω˜− ivF q cos θ)
+
1
(Ω˜− ivF q cos θ)2
]
= P
[
τ
S
+
Ω˜
S3
]
,
10
where P = (2πτν0v2F )/d, and
Ω˜ = iΩ+
1
τ
,
S =
[
Ω˜2 + (vF q)
2
]1/2
. (A2)
The remaining diagrams (b) — (e) in Fig. (1) can be
evaluated similarly, giving respectively
B
(2d)
2 = P
[
− τ
S
]
, (A3)
B
(2d)
3 = P
[
(2Ω˜2 − (vF q)2
2τS5
]
, (A4)
B
(2d)
4 = P
[
(vF q)
2 − 2Ω˜2
τS5
]
, (A5)
B
(2d)
5 = P
[
−2Ω˜
S3
]
. (A6)
The leading behaviour in the ballistic limit is given by the
first non-vanishing term of the expansion of the fermionic
part in the parameter 1/τ . We note that B
(2d)
1 and B
(2d)
2
have terms of O(τ2) which cancel, which implies that
the leading behaviour is due to terms of O(τ). As a re-
sult contributions from B
(2d)
3 and B
(2d)
4 are sub-leading,
and can be ignored. The remaining O(τ) contributions
are generated by introducing one explicit impurity line
(represented by dashed line), which gives a factor of
1/(2πν0τ), in diagrams (a) and (b) in Fig. (1). These
second set of contributions are shown in Fig. (2) (note
that the diagram in Fig. (2(a)) has a factor of 2 due to
symmetry). The contribution from these diagrams are
respectively given by
B
(2d)
6 = P
[
2
S2
+
2Ω˜
τS4
]
, (A7)
B
(2d)
7 = B
(2d)
8 = P

 1
(vF q)2
(
1− Ω˜
S
)2 , (A8)
B
(2d)
9 = P
[
− Ω˜
S3
]
. (A9)
Adding all the terms inside the square brackets in
B
(2d)
1 , · · · , B(2d)9 , and considering only the leading term
in 1/τ we get Eqs. (8) and (9).
b. d = 3
In d = 3 the logic of the evaluation of the fermionic
part B
(3d)
b is the same as in the two-dimensional case.
The only difference is in the evaluation of angular inte-
grals during Fermi surface averages, since in d = 3
1
V
∑
k
→ ν0
∫ pi
0
dθ sin θ
2
∫
dǫk,
where ν0 = (pFm)/π
2. For example, the diagram in
Fig. (1(a)) is now given by
B
(3d)
1 = P
∫ pi
0
dθ
2
sin θ
[
τ
Ω˜− ivF q cos θ
+
1
(Ω˜− ivF q cos θ)2
]
= P
[
τ
S˜
+
1
S2
]
, (A10)
where
1
S˜
=
1
2ivF q
ln
[
Ω˜ + ivF q
Ω˜− ivF q
]
. (A11)
The remaining diagrams are given by
B
(3d)
2 = P
[
− τ
S˜
]
, (A12)
B
(3d)
5 = P
[
− 2
S2
]
, (A13)
B
(3d)
6 = P
[
2
S˜2
+
2
τS˜S2
]
, (A14)
B
(3d)
7 = B
(3d)
8 = P

 1
(vF q)2
(
1− Ω˜
S˜
)2 , (A15)
B
(3d)
9 = P
[
− 1
S2
]
. (A16)
We do not give results for B
(3d)
3 and B
(3d)
4 since they are
sub-leading. Adding all the leading 1/τ terms inside the
square brackets in the expressions for B
(3d)
1 , · · · , B(3d)9 ,
we get Eqs. (10) and (11).
2. Diffusive Regime
In this regime multiple impurity scattering is impor-
tant. Consequently, the interaction vertex is dressed by
a ladder of impurity lines (Fig. 3(c)). Similarly, a single
impurity line is replaced by the same ladder (Fig. 3(d)).
The leading contributions to the conductivity are due to
the diagrams shown in Figs. (3(a)) and (3(b)). Note that
diagram (3(b)) has a symmetry factor of 2.
a. d = 2
In this regime 1/τ ≫ (iΩ, vF q), so that we get S ≈
(1/τ + iΩ + Dq2), where D = v2F τ/2 is the diffusion
constant. The dressed interaction vertex is given by
Γ(2d)(q,Ω) = 1 + Γ(2d)(q,Ω)
1
2πν0τ
× 1V
∑
k
GA(k, ω)GR(k− q, ω − Ω),
11
Ji Ji
FIG. 6: An example of a diagram for the conductivity in
the ballistic limit with vertex correction to the spin-fermion
coupling.
evaluating which gives
Γ(2d)(q,Ω) =
S
S − 1τ
≈ 1
τ
1
(iΩ+Dq2)
. (A17)
Similarly, the ladder of impurity lines is given by
Λ(2d)(q,Ω) =
Γ(2d)(q,Ω)
2πν0τ
≈ 1
2πν0τ2
1
(iΩ+Dq2)
. (A18)
The diagram in Fig. (3(a)) is given by
[B
(2d)
10 ]ij = −
1
2πν0τ
(
Γ(2d)
)3
C
(2d)
i C
(2d)
j ,
where
C
(2d)
i (q,Ω) =
1
V
∑
k
GA(k, ω)2GR(k− q, ω − Ω)(vk)i
= −(2πν0vF )vF q
S3
qˆi,
where qˆ is a unit vector. Replacing qˆiqˆj by 1/d for di-
agonal components of the conductivity tensor, and using
the approximate forms for S and Γ(2d) we get,
B
(2d)
10 = P
[
− (vF q)
2τ
(iΩ+Dq2)3
]
. (A19)
Similarly, the diagram in Fig. (3(b)) is given by
B
(2d)
11 = P
[
2(vF q)
2τ
(iΩ+Dq2)3
]
. (A20)
Adding the terms in the square brackets in B
(2d)
10 and
B
(2d)
11 we get B
(2d)
d in Eq. (12).
b. d = 3
Expanding in the small parameters (iΩτ, vF qτ) we get
S˜ ≈ (1/τ+iΩ+Dq2), with the diffusion constant in three
dimensions given by D = (v2F τ)/3. It is easy to check
that the approximate expressions for Γ(3d) and Λ(3d) are
the same as those in two dimensions (with the appro-
priate re-definition of the diffusion constant). Next, we
get
C
(3d)
i (q,Ω) = −(2πν0vF )
1
vF q
(
1
S˜
− Ω˜
S2
)
qˆi.
Using the approximate forms of S˜, S and Γ(3d) we get
B
(3d)
10 = P
[
−4
9
(vF q)
2τ
(iΩ +Dq2)3
]
, (A21)
B
(3d)
11 = P
[
8
9
(vF q)
2τ
(iΩ+Dq2)3
]
. (A22)
Adding the terms in the square brackets in the above two
Eqs. we get B
(3d)
d in Eq. (12).
APPENDIX B
In this appendix we discuss the effect of adding a vertex
correction to the spin-fermion coupling in the conductiv-
ity calculation for the ballistic limit of the quantum criti-
cal regime. Using Eq. (3) we show that, even though the
spin fluctuation is massless, a vertex correction gives rise
to sub-leading contribution to the temperature depen-
dence of conductivity. We demonstrate this explicitly for
the diagram shown in Fig. (6), which is a typical exam-
ple. The behaviour of other vertex correction diagrams
are expected to be similar.
1. d = 2
In order to facilitate the discussion we will first evalu-
ate the diagram shown in Fig. (2(a)) in Matsubara fre-
quency, and then compare it with the evaluation of the
corresponding vertex diagram (Fig. (6)). Writing the
contribution of the former to the current-current corre-
lator as [Π
(2d)
6 ]ij we get,
[Π
(2d)
6 (iνn)]ij =
(
− 4
2πν0τ
)(
3α
ν0
)
1
β2
∑
ωn,Ωn
1
V3
∑
k,q,p
× (vk)i (vk)j U(q, iΩn)G(k, iωn)2G(k, iωn + iνn)
×G(k+ q, iωn + iΩn)G(p, iωn)G(p+ q, iωn + iΩn),
where ωn is fermionic Matsubara frequency, Ωn and νn
are bosonic Matsubara frequencies, and G is the disor-
der averaged electron Green’s function in Matsubara fre-
quency. The factor 4 in front is due to the symmetry of
the diagram. The ǫp integral in the above expression is
non-zero only if ωn and (ωn + Ωn) have opposite signs.
Next, for the ǫk integral the dominant contribution oc-
curs when ωn and (ωn + νn) have opposite signs. For
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(a) (b)
FIG. 7: Leading diagrams for the self-energy correction in the
diffusive limit of the quantum critical regime.
νn > 0, the leading term in 1/(vF qτ) is given by,
[Π
(2d)
6 (iνn)]ii = −
6αv2F
τ
(
νn +
1
τ
)2 1V
∑
q
[
1
β
∑
Ωn>νn
νn
+
1
β
∑
0≤Ωn≤νn
Ωn

 U(q, iΩn)
[Ω2n + (vF q)
2]
. (B1)
After performing the Ωn sum, and taking the limit of
static conductivity, we get Eq. (7) with B(2d)(q,Ω) =
2/[(vF q)
2 − Ω2 + iηSgn(Ω)]. This is the contribution to
conductivity from the diagram in Fig. (2(a)) [see expres-
sion for B
(2d)
6 in Appendix A]. The evaluation of the
vertex diagram (Fig. (6)) is analogous. Writing its con-
tribution to the current-current correlator as [Π
(2d)
6v ]ij we
get,
[Π
(2d)
6v (iνn)]ij =
(
− 4
2πν0τ
)(
3α
ν0
)2
1
β2
∑
ωn,Ωn
1
V3
∑
k,q,p
× (vk)i (vk)j U(q, iΩn)G(k, iωn)2G(k, iωn + iνn)
×G(k+ q, iωn + iΩn)G(p, iωn)G(p + q, iωn + iΩn),
× 1
βV
∑
rn,q1
U(q1, irn)G(k + q1, iωn + irn)
×G(k+ q+ q1, iωn + iΩn + irn).
As in the case of Π
(2d)
6 , the leading contribution comes
from ωn < 0, (ωn +Ωn) > 0, and (ωn + νn) > 0. Taking
into account only the leading dependence in 1/τ we get
(for νn > 0),
[Π
(2d)
6v (iνn)]ii = −
18α2v2F τ
ν0
1
V
∑
q
[
1
β
∑
Ωn>νn
νn
+
1
β
∑
0≤Ωn≤νn
Ωn

 U(q, iΩn)√
(Ωn)2 + (vF q)2
×
∫ 2pi
0
dθ
2π
M(Ωn, q cos θ)
(Ωn + ivF q cos θ)2
.
Ji Ji
FIG. 8: An example of a diagram for the conductivity in the
diffusive limit at second order in the spin-fermion coupling.
Here
M(Ωn, q cos θ) =
1
β
∑
rn
∫ ∞
0
dq1q1
2π
∫ 2pi
0
dθ1
2π
× U(q1, irn)
Ωn + rn + ivF q1 cos θ1 + ivF q cos θ
≈ p
2
F
π2
[
0.3Ω
2/3
n
2γ1/3(pF vF )2/3
− iq cos θ
6γpF
]
,
at zero temperature.30 Using the above expression and
performing the angle integration we finally get,
[Π
(2d)
6v (iνn)]ii =
18α2v2F p
2
F τ
π2ν0
1
V
∑
q
[
1
β
∑
Ωn>νn
νn
+
1
β
∑
0≤Ωn≤νn
Ωn

 U(q, iΩn)
[(Ωn)2 + (vF q)2]
2
×
{
(vF q)
2
6γpFvF
− 3Ω
5/3
n
20γ1/3(pF vF )2/3
}
. (B2)
Comparing the expressions for Π
(2d)
6 and Π
(2d)
6v we get
that in regime I, where (q/pF ) ∼ (γΩ/EF )1/3, the
vertex correction also yields δσ ∝ −T 1/3, but with a
pre-factor which is parametrically small in (α/γ). In
the high temperature regime of the theory (regime III),
where q ∼ Ω/vF , the vertex correction is small by
(α/γ1/2)(T1/T )
1/3.
2. d = 3
In three dimensions the estimation of the vertex dia-
gram is entirely analogous to the d = 2 case. The contri-
bution to the current-current correlator from the diagram
shown in Fig. (2(a)) is given by
[Π
(3d)
6 (iνn)]ii = −
4αv2F
τ
(
νn +
1
τ
)2 1V
∑
q
[
1
β
∑
Ωn>νn
νn
+
1
β
∑
0≤Ωn≤νn
Ωn

U(q, iΩn)
(vF q)2
[
tan−1
(
vF q
Ωn
)]2
.(B3)
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On the other hand, the corresponding contribution from
the vertex diagram of Fig. (6) is given by
[Π
(3d)
6v (iνn)]ii =
12α2vF p
2
F τ
ν0
1
V
∑
q

 1
β
∑
Ωn>νn
νn +
1
β
∑
0≤Ωn≤νn
Ωn

 U(q, iΩn)
vF q
tan−1
(
vF q
Ωn
)
×
{
1
2
√
3π2γ1/3vF q
tan−1
(
vF q
Ωn
)
+
Ωn
(vF q)2 +Ω2n
(
1
12π2
)
ln
(
pF vF
Ωn
)}
. (B4)
Comparing the expressions for Π
(3d)
6 and Π
(3d)
6v we get
that in regime I, where (q/pF ) ∼ (γΩ/EF )1/3, the vertex
correction is parametrically small in (α/γ1/3). In the
high temperature regime of the theory (regime III), where
q ∼ Ω/vF , the vertex correction is small in α ln(EF /T ).
APPENDIX C
In this appendix we calculate the leading self-energy
correction of the electron propagator in the diffusive limit
of the quantum critical regime. This is given by the dia-
grams shown in Fig. (7). It is to be noted that there are
four other contributions which are important for the self-
energy away from the quantum critical regime where FL
results are recovered (i.e., in Regime V of Figs. (4) and
(5)),31 but which are sub-leading in the quantum critical
regime. Using Eq. (3) we show that the self-energy cor-
rection is much smaller than the elastic scattering rate
1/τ , and therefore such a correction can be omitted in a
perturbative calculation. Furthermore, we argue that the
terms which are second order in the spin-fermion coupling
are sub-leading in the diffusive quantum critical regime
due to Eq. (3). We demonstrate this explicitly for the
diagram shown in Fig. (8). The behaviour of the other
second order terms are expected to be similar or smaller.
1. d = 2
First we evaluate the self-energies given by Fig. (7).
Denoting the diagram (a) as Σ
(2d)
1 (iωn,k), we have
Σ
(2d)
1 (iωn,k) =
(
3α
ν0
)
1
β
′∑
Ωn
1
V
∑
q
Ud(q, iΩn)
× Γ2(q, iΩn)G(k + q, iωn + iΩn),
where the prime in the frequency summation indi-
cates the condition that (ωn + Ωn)ωn < 0, and where
Γ(q, iΩn) = 1/[τ(Dq
2 + |Ωn|)] in the diffusive limit. We
evaluate the above expression at the pole of the electron
Green’s function, i.e., at k such that G−1(k, iωn) = 0.31
This gives
Σ
(2d)
1 (iωn) = i Sgn(ωn)
(
3α
ν0
)
1
β
′∑
Ωn
1
V
∑
q
× Ud(q, iΩn)Γ
2(q, iΩn)√
(|Ωn|+ 1/τ)2 + (vF q)2
.
In the above the leading term in an expansion in τ is
divergent, but this divergence is canceled by the diagram
(b) in Fig. (7). The latter contribution, which is momen-
tum independent is given by,
Σ
(2d)
2 (iωn) =
(
3α
ν0
)
1
β
′∑
Ωn
1
V2
∑
q,p
Ud(q, iΩn)Γ
2(q, iΩn)
× 1
2πν0τ
G2(p, iΩn)G(p + q, iωn + iΩn)
= −i Sgn(ωn)
(
3α
ν0
)
1
β
′∑
Ωn
1
V
∑
q
Ud(q, iΩn)
× Γ2(q, iΩn) 1/τ(|Ωn|+ 1/τ)
[(|Ωn|+ 1/τ)2 + (vF q)2]3/2
.
In the diffusive limit of the quantum critical regime we
have 1/τ ≫ Dq2 ≫ |Ωn|, using which we get
Σ
(2d)
d (iωn) = Σ
(2d)
1 (iωn) + Σ
(2d)
2 (iωn)
= −i Sgn(ωn)
(
3αpF
4πν0D1/2γ1/2
)
|ωn|1/2 ,
(C1)
to the lowest order in τ . In the above we ignored a con-
stant part coming from the ultraviolet cut-off. Scaling
|ωn| ∼ T , and using Eq. (3) we conclude that for T ≪ T ∗,
1/τ ≫ Σ(2d)d . Thus, the self-energy correction can be ig-
nored for the evaluation of the leading temperature de-
pendence of the conductivity.
Next, we evaluate the contribution to the current-
current correlator from the diagram shown in Fig. (8).
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For this we define
C
(2d)
i =
1
V
∑
p
(vp)iG(p, iωn)G(p+ q, iωn + iΩn)
× G(p, iωn + iνn)G(p + q1, iωn + iνn + iΩ′n)
≈ (4πiν0v2F τ4)(q1 − q)i,
and Λ(q, iΩn) = Γ(q, iΩn)/(2πν0τ). Then the current-
current correlator can be written as
[Π(2d)v (iνn)]ij = −
1
V2
∑
q,q1
1
β3
∑
ωn,Ωn,Ω′n
(
3α
ν0
)2
C
(2d)
i
× C(2d)j Γ2(q, iΩn)Ud(q, iΩn)Γ2(q1, iΩn)
× Ud(q1, iΩn)Λ(q− q1, iΩn − iΩ′n − iνn).
In the above the restrictions on the frequency summa-
tions are such that, for νn > 0, we have (ωn + Ωn) > 0,
(ωn + νn) > 0, ωn < 0 and (ωn + νn + Ω
′
n) < 0. For the
purpose of an estimation, we perform the Ω′n-summation
without restriction, and we get
[Π(2d)v (iνn)]ii ≈
(
9α2v2F τ
8π2γν0D
)
ln2
(
T
γDp2F
)
1
V
∑
q
×

 1
β
∑
Ωn>νn
νn +
1
β
∑
0≤Ωn≤νn
Ωn


× Ud(q, iΩn)
(Dq2)2
. (C2)
By comparing with a typical contribution to the current-
current correlator at first order in α, we conclude that
the contribution from the diagram shown in Fig. (8) is
smaller by a factor of α ln2[T/(γDp2F )]/(γEF τ).
2. d = 3
In three dimensions the calculations are entirely anal-
ogous to the d = 2 case. For the self-energy given by
Fig. (7) we get
Σ
(3d)
d (iωn) ≈ −i Sgn(ωn)
(
αp
3/2
F√
2π2ν0D3/4γ1/4
)
|ωn|3/4 ,
(C3)
which is smaller than 1/τ for T ≪ T ∗, and therefore can
be neglected. Next, we estimate the contribution to the
current-current correlator from the diagram in Fig. (8),
and we find that it is smaller than those that are first
order in α by a factor of αT 1/4/(γ3/4τ5/4E
3/2
F ).
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